Abstract. Necessary and sufficient conditions are given for the operator system A 1 X = C 1 , XA 2 = C 2 , A 3 XA * 3 = C 3 , and A 4 XA * 4 = C 4 to have a common positive solution, where A i 's and C i 's are adjointable operators on Hilbert C * -modules. This corrects a published result by removing some gaps in its proof. Finally, a technical example is given to show that the proposed investigation in the setting of Hilbert C * -modules is different from that of Hilbert spaces.
If H = K and A is Hermitian, then A † is also Hermitian and AA † = A † A.
The study of operator equations has been developed from matrices to infinite dimensional spaces; for example, arbitrary Hilbert spaces and Hilbert A-modules, by several mathematicians; see [1, 4, 8, 11, 12] and references therein. In [8] , some necessary and sufficient conditions for the existence of common Hermitian and positive solutions X ∈ L(H) for the equations AX = C and XB = D are proposed and some formulas for the general forms of their common solutions are given.
In this paper, we give some necessary and sufficient conditions for the operator system A 1 X = C 1 , XA 2 = C 2 , A 3 XA * 3 = C 3 , and A 4 XA * 4 = C 4 to have a common positive solution, where A i 's and C i 's are adjointable operators on Hilbert C * -modules. This corrects the main result of Song and Wang [7] by removing some gaps in its proof. Finally, we give a technical example and show that our investigation in the setting of Hilbert C * -modules differs from that in the framework of Hilbert spaces.
2. Main results. Throughout this section, H, K, L, and
The proof of Lemma 2.1 below is straightforward.
Then the operator equation AX = C has a solution X ∈ L(L, H) if and only if R(C) ⊆ R(A). In this case, the general solution to AX = C is of the form (2.5)
where T ∈ L(L, H) is arbitrary. Let A, C ∈ L(H, K) be such that both A and CA * are regular. Then the operator equation AX = C has a solution X ∈ L(H) + if and only if CA * ≥ 0 and R(C) = R(CA * ). In this case, the general positive solution to AX = C is of the form
where S ∈ L(H) + is arbitrary and C * (CA * ) − C is a positive element, which is independent of the choice of the inner inverse (CA * ) − .
, and
be such that D and F are regular. Then the system (2.6)
has a solution X ∈ L(H) + if and only if F ≥ 0 and R(E) ⊆ R(F ). In this case, the general positive solution to system (2.6) can be expressed as
where T ∈ L(H) + is arbitrary and E * F − E is a positive element, which is independent of the choice of the inner inverse F − .
Remark 2.4. Suppose that A ∈ L(H, K) and C ∈ L(K) are both regular. It is indicated in [10, Lemma 3.2] that the equation
has a solution X ∈ L(H) + if and only if (2.8)
In this case, the general positive solution for equation (2.7) can be expressed as
where
The point is, as shown in [2] by Groß for matrices, we can replace A † in (2.9) by a general inner inverse A − , and meanwhile give a simplified formula for X. For the sake of completeness, we give a detailed proof of Lemma 2.5 below, using a method somewhat different from that in [2] .
and C ∈ L(K) are both regular such that condition (2.8) is satisfied. Then the general positive solution to equation (2.7) can be expressed as
where L A is defined by (1.2), Y ∈ L(K, H) is arbitrary, S ∈ L(H) + is arbitrary, and B ∈ L(K) is an arbitrary operator satisfying BB * = C. Proof. Let B ∈ L(K) be chosen such that BB * = C. By Lemma 1.1, we have R(B) = R(C); hence, AA − B = B, which means that each operator X of the form (2.10) is a positive solution to equation (2.7).
Conversely, suppose that X ∈ L(H) + is a solution to equation (2.7). Let U = XA * − A − C. Then AU = 0; hence, XA
Taking the * -operation, we have
Note that C A * = AXA * = C, which is regular. Note also that X is a positive solution to the equation ) Let x and a be elements in a C * -algebra A such that a ≥ 0 and
Proof. We consider the C * -algebra L(H ⊕ K), which contains A and B, where
It is obvious that A A * ≤ B; so, for each β ∈ (0, 1 2 ), by Lemma 2.6, there exists W =
Now we state the main result of this paper, which is a modification of [7, Theorem 3.5] .
, and C 4 ∈ L(K 4 ) be given such that A 11 , M, A 33 , C 33 , A 44 , C 44 , and A 44 L A33 are all regular, where
has a solution X ∈ L(H) + if and only if the following three conditions hold:
(i) The operators M, C 33 and C 44 are all positive;
Positive Solutions of a System of Operator Equations in Hilbert C * -Modules
If conditions (i)-(iii) are satisfied, then the general positive solution X to system (2.13) can be expressed as
where Y ∈ L(K 3 , H) is defined by
Proof. The proof is carried out along the same line initiated in [7] . We take two steps: firstly, we consider the necessity and secondly, we consider the sufficiency.
(1) Suppose that X 0 ∈ L(H) + is a solution to system (2.13). Then from the first two equations in (2.13), we know that X 0 is a positive solution to the equation
As both A 11 and M are regular, by Lemma 2.3, we conclude that
and there exists V ∈ L(H) + such that (2.20)
Substituting the expression of X 0 above into the third equation in (2.13) yields
Therefore, V is a positive solution to the following equation:
As both A 33 and C 33 are regular, by (2.8), we conclude that
and by (2.10), there exist Y ∈ L(K 3 , H) and S ∈ L(H) + such that
Since 
which means that C S ∈ L(K 4 ) + , and by Lemma 2.7, there exists T ∈ L(K 3 , K 4 ) such that (2.25)
Therefore, Y is a solution to the following equation 
The equation above, together with (2.21) and (2.23), yields the last two equations in (2.13). In view of (2.19), we have
and thus, X formulated by (2.27) is a solution to (2.18); that is, the first two equations in (2.13) are also true. This completes the proof of the sufficiency.
Remark 2.9. Due to Lemma 2.7, we choose the number S = C S is satisfied automatically. It is remarkable that the same is not always true for general Hilbert C * -modules. We construct a counterexample as follows.
Example 2.10. Let Ω = {z ∈ C : |z − 1| ≤ 1} and A = C(Ω) be the C * -algebra consisting of all complex-valued continuous functions on Ω. With the inner product defined by f, g = f * g, for f, g ∈ A, the
